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Abstract
A linearized polynomial f(x) ∈ Fqn [x] is called scattered if for any
y, z ∈ Fqn , the condition zf(y) − yf(z) = 0 implies that y and z are
Fq-linearly dependent. In this paper two generalizations of the notion
of a scattered linearized polynomial are defined and investigated. Let
t be a nontrivial positive divisor of n. By weakening the property
defining a scattered linearized polynomial, L- qt -partially scattered and
R- qt -partially scattered linearized polynomials are introduced in such
a way that the scattered linearized polynomials are precisely those
which are both L- qt - and R- qt -partially scattered. They determine
linear sets and maximum rank distance codes whose properties are
described in this paper.
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1 Introduction
Let U be an Fq-linear subspace of an r-dimensional vector space V over Fqn .
The following set of points in the projective space PG(V,Fqn) ∼= PG(r −
1, qn):
LU = {〈v〉Fqn : v ∈ U \ {0}},
consisting of all points represented by nonzero vectors in U , is called an
Fq-linear set of rank m = dimFq U . The rank of a linear set is not always
uniquely defined. For example, any Fq-linear set of rank greater than (r−1)n
in PG(r−1, qn) trivially coincides with PG(r−1, qn). The weight of a point
P = 〈v〉Fqn of PG(r−1, qn) with respect to LU is w(P ) = dimFq (〈v〉Fqn ∩U).
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A canonical subgeometry in PG(m− 1, qn) is an Fq-linear set of rank m,
say L, such that 〈L〉 = PG(m − 1, qn) (1). Lunardon and Polverino in [14]
(see also [13]) show that every linear set is a projection of a subgeometry.
More precisely, let Σ ∼= PG(m−1, q), Γ and Λ be a canonical Fq-subgeometry,
an (m − r − 1)-subspace and an (r − 1)-subspace of Σ∗ = PG(m − 1, qn),
respectively, such that Σ ∩ Γ = ∅ = Λ ∩ Γ. Let pΓ,Λ be the projection from
Γ into Λ defined by pΓ,Λ(P ) = 〈Γ, P 〉∩Λ for each point P ∈ Σ∗ \Γ. We call
Γ and Λ the vertex (or center) and the axis of the projection, respectively.
Then L is an Fq-linear set of Λ of rank m and 〈L〉 = Λ. Conversely, any
Fq-linear set spanning Λ can be obtained in this way. This includes the
canonical subgeometries as projections from the empty vertex.
Let V be an r-dimensional vector space over Fqn . The projective space
PG(V,Fq) ∼= PG(rn − 1, q) is called the projective space obtained from
PG(V,Fqn) ∼= PG(r − 1, qn) by field reduction. The point set of PG(V,Fqn)
induces a partition S of PG(V,Fq) into (n−1)-subspaces; such S is called the
normal (n−1)-spread of PG(V,Fq) induced by PG(V,Fqn) by field reduction.
Anym-dimensional Fq-subspace U of V determines an (m−1)-dimensional
subspace, say U˜ , of PG(V,Fq). Such U˜ is called scattered with respect to S
if any element of S meets U˜ in at most one point. In this case, the related
linear set LU is called a scattered linear set. Equivalently, LU is scattered
when all its points have weight one. The subspace U˜ is called maximum scat-
tered, and LU is called maximum scattered linear set if any m-dimensional
subspace of the projective space PG(V,Fq) is not scattered. If rn is even,
the dimension m − 1 of a maximum scattered subspace with respect to S
satisfies m = rn/2 [3]. The known results concerning the non-even values of
rn are surveyed in [18].
An Fq-linearized polynomial, or q-polynomial, over Fqn is a polynomial
of the form f(x) =
∑k
i=0 cix
qi ∈ Fqn [x], k ∈ N. If ck 6= 0, the integer k is
called the q-degree of f(x). It is well known that any linearized polynomial
defines an endomorphism of Fqn , when Fqn is regarded as an Fq-vector space
and, vice versa, each element of EndFq(Fqn) can be represented as a unique
linearized polynomial over Fqn of q-degree less than n, see [10]. Any Fq-
linear set of rank n in the projective line PG(1, qn) is projectively equivalent
to Lf = LUf where Uf = {(x, f(x)) : x ∈ Fqn} with f(x) ∈ Fqn [x] a q-
polynomial. The polynomial f(x) is called a scattered q-polynomial if Lf
is. That is, f(x) is scattered if and only if for any y, z ∈ Fqn , the condition
1In this paper, 〈A〉F denotes the F -linear span of the set of vectors A, F a field, whereas
〈B〉 (without subscript) denotes the projective span of the set of points B in a projective
space.
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zf(y)− yf(z) = 0 implies that y and z are Fq-linearly dependent.
An Fq-linear rank metric code (or RM-code) is an Fq-subspace C of Fqℓ×n,
endowed with the metric
d(A,B) = rk(A−B).
The minimum distance of C is d = min{d(A,B) : A,B ∈ C, A 6= B}. The
Singleton-like bound states that if k = dimFq C, then
k ≤ max{ℓ, n}(min{ℓ, n} − d+ 1).
If the equality in the Singleton-like bound holds, then C is a maximum
rank distance code, or MRD-code with parameters (ℓ, n; q, d). The reader
is referred to [18] for generalities on the RM-codes, as well as for other
connections between scattered linear sets and MRD-codes. See also [12, 20].
In this paper two classes of q-polynomials in Fqn [x], n a non-prime in-
teger, are dealt with, both containing all scattered q-polynomials of Fqn [x].
Such polynomials are defined in 2.1 and 2.2, and called L- qt -partially scat-
tered and R- qt -partially scattered q-polynomials, with t 6= 1 a proper di-
visor of n. The polynomials belonging to the intersection of both classes
are precisely the scattered q-polynomials. In Section 2, Theorem 2.3, the
relations between the linear sets Lf , U˜f and Rf = {〈v〉Fqt : v ∈ U, v 6= 0} ⊆
PG(2(n/t)−1, qt) are investigated, where f(x) is an L- qt - or R- qt -partially
scattered linearized polynomial. Some algebraic conditions for partially
scattered polynomials are described, as well as general techniques of con-
struction and examples. In Section 3 rank metric codes are defined related
to R- qt -partially scattered q-polynomials. In Theorem 3.3 such codes are
proved to be MRD. Furthermore, their left and right idealisers are investi-
gated.
2 Partially scattered q-polynomials
Throughout this paper f(x) denotes a q-polynomial of the form
∑n−1
i=0 aix
qi ∈
Fqn [x], where n = tt
′ and t, t′ ∈ N \ {0, 1}.
2.1 Definition and geometric meaning
Definition 2.1. The q-polynomial f(x) is L- qt -partially scattered if for any
y, z ∈ F∗qn ,
f(y)
y
=
f(z)
z
=⇒ y
z
∈ Fqt. (1)
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Definition 2.2. The q-polynomial f(x) is R- qt -partially scattered if for any
y, z ∈ F∗qn ,
f(y)
y
=
f(z)
z
∧ y
z
∈ Fqt =⇒
y
z
∈ Fq. (2)
Clearly, if f(x) is both L- and R- qt -partially scattered, then f(x) is
scattered.
Theorem 2.3. Let Uf = {(y, f(y)) : y ∈ Fqn}, U∗f = Uf \ {(0, 0)}, and
define the following sets:
A. U˜f = {〈v〉Fq : v ∈ U∗f }; this is an (n − 1)-dimensional subspace of the
projective space PG(F2qn ,Fq)
∼= PG(2n−1, q) associated with V (F2qn ,Fq);
B. Rf = {〈v〉Fqt : v ∈ U∗f }; this is an Fq-linear set of rank n in the projective
space PG(F2qn ,Fqt)
∼= PG(2t′ − 1, qt);
C. Lf = {〈v〉Fqn : v ∈ U∗f }; this is an Fq-linear set of rank n in the projective
line PG(F2qn ,Fqn)
∼= PG(1, qn).
Then
(i) The size #Rf of Rf equals #Lf if and only if f(x) is L- q
t -partially
scattered.
(ii) Rf is a scattered Fq-linear set if and only if f(x) is R- q
t -partially
scattered. In this case, the map µ : 〈v〉Fq ∈ U˜f 7→ 〈v〉Fqt ∈ Rf is
bijective.
(iii) If t = 2 and f(x) is R-q2-partially scattered, then Rf is a canonical
Fq-subgeometry of PG(2t
′ − 1, q2).
Proof. The assertions in A., B., and C. directly follow from the definition
of Fq-linear set and from the fact that Uf is an n-dimensional subspace of
V (F2qn ,Fq).
The map α : 〈v〉Fqt 7→ 〈v〉Fqn is well-defined, whence #Lf ≤ #Rf . The
equality holds if and only if α is one-to-one, that is, for any y, z ∈ F∗qn the
relation 〈(y, f(y))〉Fqn = 〈(z, f(z))〉Fqn implies 〈(y, f(y))〉Fqt = 〈(z, f(z))〉Fqt ;
this is equivalent to (1). Hence (i) holds.
As regards (ii), Rf is scattered if and only if every 〈(y, f(y))〉Fqt ∈ Rf has
weight one. Assume (z, f(z)) ∈ U∗f ∩ 〈(y, f(y))〉Fqt . This implies y/z ∈ Fqt
and f(y)/y = f(z)/z. So, assuming (2) yields
Uf ∩ 〈(y, f(y))〉Fqt = 〈(y, f(y))〉Fq . (3)
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Similarly if (3) holds for any y ∈ F∗qn , then f(x) is R- qt -partially scattered.
The map µ is bijective by definition of scattered linear set.
If t = 2 and f(x) is R-q2-partially scattered, then Rf is a one-to-one
projection of an Fq-canonical subgeometry Σ of PG(2t
′ − 1, q2) [14]. Since
for any point P in PG(2t′ − 1, q2) there is at least one (q +1)-secant line to
Σ, the vertex of the projection is empty.
By Theorem 2.3 (ii), if f(x) is an R- qt -partially scattered q-polynomial,
then Rf is a maximum scattered Fq-linear set of PG(2t
′ − 1, qt), satisfying
the assumptions of the following:
Proposition 2.4. If R is a maximum scattered Fq-linear set in Ω = PG(r−
1, qt), then 〈R〉 = Ω.
Proof. Let R = LU be associated to the Fq-subspace U of V (F
r
qt ,Fq). As-
sume dimFq U = d. By definition, any Fq-subspace of dimension greater than
d is not scattered with respect to the t-spread F = {〈v〉F
qt
: v ∈ Frqt, v 6= 0}
of V (Frqt ,Fq).
Assume 〈R〉 6= Ω; that is, there is a hyperplane H of V (Frqt ,Fqt) such
that 〈v〉Fqt ∈ R implies v ∈ H. In particular, U ⊆ H.
Take z ∈ Frqt \H and define T = 〈U, z〉Fq that is a (d + 1)-dimensional
subspace of V (Frqt ,Fq).
Let F ∈ F ; then either F ⊆ H, or F ∩ H = {0}. If F ⊆ H, from
T ∩H = U one obtains dimFq F ∩T ≤ 1. If F ∩H = {0}, then F ∩U = {0},
whence
dimFq(F ∩T ) = t+(d+1)−dimFq(F +T ) ≤ t+(d+1)−dimFq(F +U) = 1.
Therefore, T is scattered with respect to F , a contradiction.
Remark 2.5. The q-polynomial f(x) is L- qt -partially scattered if and only
if each element of the normal (t′−1)-spread S ′ of PG(2t′−1, qt) induced by
the point set of PG(F2qn ,Fqn) intersects Rf in at most one point. Defining a
scattered point set with respect to a spread in the obvious way, Rf turns out
to be scattered with respect to S ′. In particular, Theorem 2.3 (iii) implies
the existence of a scattered canonical subgeometry Rf with respect to a
normal spread.
2.2 Algebraic properties of partially scattered polynomials
Elementary characteristic properties of partially scattered polynomials can
be given in terms of the q-polynomials fρ(x) = f(ρx)− ρf(x), ρ ∈ F∗qn .
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Proposition 2.6. (a) A q-polynomial f(x) is R- qt -partially scattered if
and only if for any ρ ∈ Fqt \ Fq the map fρ(x) is bijective.
(b) A q-polynomial f(x) is L-qt-partially scattered if and only if for any
ρ ∈ Fqn \ Fqt the map fρ(x) is bijective.
(c) A q-polynomial f(x) is scattered if and only if for any ρ ∈ Fqn \ Fq the
map fρ(x) is bijective.
Proposition 2.7. If t and t′ are relatively prime, then any L- qt -partially
scattered q-polynomial is also R-qt
′
-partially scattered.
Proof. By prop. 2.6 and the hypothesis, fρ is bijective for any ρ ∈ Fqn \Fqt ,
and in particular for ρ ∈ Fqt′ \ Fq.
If the assumptions of prop. 2.7 hold, by Theorem 2.3 (ii) the set
Mf = {〈(x, f(x))〉F
qt
′
|x ∈ F∗qn}
is a scattered Fq-linear set of PG(2t − 1, qt′) of rank n. Note that if t′ =
2, as in Theorem 2.3 (iii), the Fq-linear set Mf is an Fq-subgeometry of
PG(2t− 1, q2).
For any ρ ∈ Fqt , the map Φρ : f(x) 7→ fρ(x) is an Fq-endomorphism of
EndFq(Fqn). The kernel of Φρ is the set of all Fq(ρ)-linear q-polynomials.
Indeed, there is a divisor w of n such that Fq(ρ) = 〈1, ρ, ρ2, . . . , ρw−1〉Fq .
If Φρ(f) is zero, then f(ρ
kx) = ρkf(x) for any k ∈ N and this implies
that f(x) is Fq(ρ)-linear. In particular this can be applied to the following
propositions.
Proposition 2.8. For any L- qt -partially scattered q-polynomial f(x) over
Fqn and any m ∈ Fqn, f(x) +mx is L- qt -partially scattered.
Proposition 2.9. Let f(x) be an R- qt -partially scattered q-polynomial over
Fqn. For a = (a0, a1, . . . , at′−1) ∈ Ft′qn define the qt-polynomial
ga(x) =
t′−1∑
i=0
aix
qit (4)
Then for any a ∈ Ft′qn the q-polynomial f(x) + ga(x) is R- qt -partially scat-
tered as well.
Proof. Since for all ρ ∈ Fqt \ Fq, fρ(x) is bijective and (ga)ρ(x) is the zero
polynomial, the result follows.
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Proposition 2.10. Let a = (a0, a1, . . . , at′−1) ∈ Ft′qn, and ga(x) be the qt-
polynomial defined in (4).
(a) For any R- qt -partially scattered q-polynomial ϕ(x), the q-polynomial
f(x) = (ga ◦ ϕ)(x) is R- qt -partially scattered if and only if ga(x) is
bijective.
(b) Let s < n be a positive divisor of n. If t and s are relatively prime, and
ga(x) is an L- q
t -partially scattered bijective polynomial, then fs(x) =
ga(x
qs) is both an R- qt - and an R-qs-partially scattered q-polynomial.
Proof. (a) By prop. 2.6 (a), it is enough to show that for any ρ ∈ Fqt \ Fq,
the map fρ(x) is bijective if and only ga is. This follows from
fρ(x) = ga(ϕ(ρx)) − ρga(ϕ(x)) = ga(ϕ(ρx)) − ga(ρϕ(x)) = ga(ϕρ(x)).
(b) Since ϕ(x) = xq
s
is R- qt -partially scattered, also fs(x) is R- q
t -partially
scattered by part (a). Assume
fs(y)
y
=
fs(z)
z
for y, z ∈ F∗qn , y = ℓz, ℓ ∈ Fqs.
This implies
ga(y
qs)
yqs
=
ga(z
qs)
zqs
,
whence ℓ ∈ Fqt ∩ Fqs = Fq.
Remark 2.11. If ker ga is not trivial, the polynomial fs(x) in prop. 2.10 (b)
is not R- qt -partially scattered. Indeed, let y ∈ F∗qn such that yq
s
= u ∈
ker ga \ {0} and consider ℓ an element in Fqt \ Fq. Since ker ga is an Fqt-
vector space of Fqn , putting z = ℓy
fs(y) = ga(u) = 0 = ga(ℓ
qsu) = fs(ℓy) = fs(z),
whence y/z ∈ Fqt , but y/z 6∈ Fq.
2.3 Examples
As usual, if ℓ divides m,
Trqm/qℓ(x) = x+ x
qℓ + xq
2ℓ
+ · · ·+ xqm−ℓ and Nqm/qℓ(x) = x
qm−1
qℓ−1
denote the trace and the norm of x ∈ Fqm over Fqℓ .
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Proposition 2.12. If n = 2t, s ∈ N is coprime with n, f(x) = δxqs + xqt+s
and Nq2t/qt(δ) 6= 1, then f(x) is R- qt -partially scattered.
Proof. Let ga(x) = δx + x
qt. The kernel of ga(x) is trivial if, and only
if, Nq2t/qt(δ) 6= 1. So, the assumptions of the prop. 2.10 (a) hold with
ϕ(x) = xq
s
.
Remark 2.13. If n = 2t, gcd(s, n) = 1 and f(x) = δxq
s
+ xq
t+s
, then
fρ(x) =
(
ρq
t+s − ρ
)
xq
t+s
+ δ(ρq
s − ρ)xqs .
Next, assume Nq2t/qt(δ) = d. For ρ 6∈ Fq, the map fρ is not bijective if and
only if (
ρq
t+s − ρ
ρq
s − ρ
)qt+1
= d, (5)
Therefore, for given t and s, the property of a polynomial of the form δxq
s
+
xq
t+s ∈ Fq2t [x] to be scattered (or L- qt -, or R- qt -partially scattered) only
depends on Nq2t/qt(δ). Such polynomials include those investigated in [5].
In particular, since in [5, Theorem 7.2] it is shown that for odd q, t = 4 and
δ =
√−1 the polynomial f(x) is scattered, then f(x) is scattered for any δ
such that Nq2t/qt(δ) = −1. Computations with GAP show that for t = 4,
s = 1, q = 3 or q = 5, the condition Nq2t/qt(δ) = −1 is also necessary for
f(x) to be scattered. Write
ρ = ρ1 + ρ2, ρ1 ∈ Fqt , ρ2 ∈ ker Trq2t/qt . (6)
Combining (5) and (6) gives
(ρq1 − ρ1)2 = ρ22 + ρ2q2 . (7)
Equations (6) and (7) then have no solutions with ρ2 6= 0 in case t = 4. On
the other hand, solutions for any q = 3, 5, 7 and 5 ≤ t ≤ 8 have been found
by computer.
Remark 2.14. Since ga(x) = δx+ x
qt ∈ Fq2t [x] is L- qt -partially scattered
for any δ ∈ Fq2t , the last examples in the previous remark satisfy the condi-
tions in prop. 2.10 (b), but are not L- qt -partially scattered.
Proposition 2.15. If n = 2t, s is coprime with n, f(x) = δxq
s
+ xq
t+s
and
Nq2t/qt(δ) = 1, then f(x) is L- q
t -partially scattered, but it is not R- qt -partially
scattered.
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Proof. Note that if Nq2t/qt(δ) = 1, ker(δx + x
qt) is not trivial, whence f(x)
is not R- qt -partially scattered (cf. remark 2.11).
Next, assume
f(y)
y
=
f(z)
z
, y, z ∈ F∗q2t . (8)
If f(y) = f(z) = 0, then δ = −yqt+s−qs = −zqt+s−qs , whence (y/z)qt+s−qs =
1. This implies y/z ∈ Fqt . Otherwise f(z) 6= 0 may be assumed without
loss of generality. The condition (8) implies
y
z
=
δyq
s
+ yq
t+s
δzq
s
+ zq
t+s .
The quotient y/z belongs to Fqt is and only if y/z = (y/z)
qt , that is
δ + yq
t+s−qs
δ + zq
t+s−qs
=
δq
t
yq
t+s−qs + 1
δq
t
zq
t+s−qs + 1
,
equivalently:
(δ + yq
t+s−qs)(δq
t
zq
t+s−qs + 1) = (δq
t
yq
t+s−qs + 1)(δ + zq
t+s−qs) ⇔(
δq
t+1 − 1
)(
yq
t+s
−qs − zqt+s−qs
)
= 0.
Then f(x) is L- qt -partially scattered.
Proposition 2.16. Assume n = 3t, s coprime with n and δ ∈ Fq3t. If
Trq3t/qt(δ)−Nq3t/qt(δ) 6= 2, then f(x) = xqs+xqt+s+δxq2t+s is an R- qt -partially
scattered q-polynomial.
Proof. The polynomial g(x) = x + xq
t
+ δxq
2t
is bijective if, and only if,
Trq3t/qt(δ) −Nq3t/qt(δ) 6= 2. Then the assertion holds by prop. 2.10 (a).
Remark 2.17. If t = 2 and δ2 + δ = 1, then δ ∈ Fq2 , hence Trq3t/qt(δ) −
Nq3t/qt(δ) = 1+δ 6= 2. So, the assumptions of prop. 2.16 are satisfied for the
polynomial f(x) = xq+xq
3
+ δxq
5 ∈ Fq6 [x]. If q is odd, then the polynomial
f(x) is also L-q2-partially scattered [7, 16]. If q is even, then f(x) provides
an example of polynomial satisfying the assumptions of prop. 2.10 (a) which
is not L- qt -scattered [16, Theorem 1.1].
Next, let q be odd, t > 1 an integer, and define
Ts(x) =
(
Trq2t/qt(x)
)qs
,
Uk(x) =
(
x− xqt
)qk
for x ∈ Fq2t , s, k = 0, 1, . . . , 2t− 1.
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The q-polynomial fs,k(x) = Ts(x) + Uk(x) ∈ Fq2t [x] is bijective: indeed,
imTs = kerUk = Fqt , ker Ts = imUk = ker(Trq2t/qt), and
Fqt ∩ ker(Trq2t/qt) = {0}.
Proposition 2.18. If gcd(s, 2t) = 1 = gcd(k, 2t), then fs,k(x) is an
R- qt -partially scattered q-polynomial.
Proof. For ρ ∈ Fqt ,
(fs,k)ρ(x) = (ρ
qs − ρ)Ts(x) + (ρqk − ρ)Uk(x),
where (ρq
s − ρ)Ts(x) ∈ Fqt and (ρqk − ρ)Uk(x) ∈ ker(Trq2t/qt). This implies
that (fs,k)ρ is bijective. The thesis follows from prop. 2.6 (a).
In the particular case s = t− k,
ft−k,k(x) = x
qk + xq
t−k − xqt+k + xq2t−k ,
which is the polynomial 2ψ
(k)
2t defined in [11]. Under the additional as-
sumption that q ≡ 1 (mod 4) in case t is odd, such polynomial is also
L- qt -partially scattered [11]. Computations with the software GAP show
that the polynomials as in prop. 2.18 not always are scattered. For instance,
they are not for (n, s, k) = (5, 1, 3) and q ≤ 9.
2.4 Duality
Consider the non-degenerate symmetric bilinear form 〈·, ·〉 of Fqn over Fq
defined by
〈x, y〉 = Trqn/q(xy). (9)
The adjoint map fˆ(x) of an Fq-linear map f(x) =
∑n−1
i=0 aix
qi with respect
to the bilinear form (9) is fˆ(x) =
∑n−1
i=0 a
qn−i
i x
qn−i .
Let η : V × V → Fq be the non-degenerate alternating bilinear form of
V = F2qn , seen as a vector space over Fq, defined by
η((x1, y1), (x2, y2)) = Trqn/q(x1y2 − x2y1)
and denote by ⊥ the orthogonal complement map defined by η on the lattice
of the Fq-subspaces of V. It is straightforward to see that U
⊥
f = Ufˆ .
Theorem 2.19 ([1] Lemma 2.6, [4] Lemma 3.1). Let f(x) be a q-polynomial
over Fqn. Then wLf (P ) = wLfˆ (P ) for any P ∈ PG(1, qn). In particular,
Lf = Lfˆ and the maps defined by f(x)/x and fˆ(x)/x have the same image.
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Proposition 2.20. Let f(x) be a q-polynomial over Fqn. Then f(x) is
L- qt -partially scattered (R- qt -partially scattered) if and only if fˆ(x) is
L- qt -partially scattered (R- qt -partially scattered).
Proof. Since the adjoint map f(x) 7→ fˆ(x) is involutory, it is enough to
prove sufficiency. Assume y, z, λ ∈ F∗qn and
fˆ(y)
y
=
fˆ(z)
z
, λy = z, (10)
whence fˆ(λy) = λfˆ(y). By applying the adjoint map to both sides of the
equation above, λf(y) = f(λy), and
f(y)
y
=
f(z)
z
. (11)
This is enough to deduce that fˆ(x) is L- qt -partially scattered (resp.
R- qt -partially scattered) if f(x) is L- qt -partially scattered (resp.
R- qt -partially scattered).
Remark 2.21. As mentioned in prop. 2.19, if f(x) is a linearized polynomial
over Fqn and fˆ(x) is its adjoint, then Lf = Lfˆ . On the other hand, the linear
sets Rf and Rfˆ in PG(2t
′ − 1, qt) do not necessarily coincide. For example,
consider f(x) = xq and suppose that Rf = Rfˆ . Then for any x ∈ F∗qn there
exist y ∈ F∗qn such that
〈(x, xq)〉F
qt
= 〈(y, yqn−1)〉F
qt
,
whence one gets that there exists λ ∈ Fqt such that
λq
n−1−1 = xq−q
n−1
.
Since the left hand side of the equation above is an element of Fqt,
(xq−q
n−1
)q
t
−1 = 1,
for all x ∈ F∗qn , and this is equivalent to
z(q
n−2−1)(qt−1) = 1 (12)
for all z ∈ F∗qn . So, qn−1 − 1 divides (qn−2 − 1)(qt − 1), therefore it divides
qn−2 + qt − qt−2 − 1, a contradiction.
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3 Partially scattered q-polynomials and MRD-codes
Regarding the notions not defined in this section, the reader is referred to
[18].
Proposition 3.1. Let f(x) be R- qt -partially scattered. Then
(a) In V (Fqn ,Fq), ker f is a scattered Fq-subspace with respect to the normal
t-spread N = {〈v〉F
qt
: v ∈ F∗qn}.
(b) dimFq ker f ≤ n/2.
(c) There exists a = (a0, a1, . . . , at′−1) ∈ Ft′qn such that the Fq-dimension of
the kernel of f(x) + ga(x) (cf. (4)) is at least t
′.
Proof. (a) If y, z ∈ ker f ∩ 〈v〉Fqt and y, z, v ∈ F∗qn , then (2) applies, whence
dimFq ker f ∩ 〈v〉Fqt = 1.
(b) This follows from the previous assertion and [3, Theorem 4.3].
(c) Let v1, v2, . . ., vt′ be an Fqt-basis of Fqn . Then there exists a q
t-
polynomial ga(x) =
∑t′−1
i=0 aix
qti such that ga(vj) = −f(vj), j = 1, 2, . . . , t′.
One obtains a q-polynomial f(x) + ga(x) vanishing on t
′
Fq-linearly inde-
pendent elements of Fqn .
In case t and t′ are relatively prime and f(x) is an L- qt -partially scat-
tered polynomial, then f(x) is R-qt
′
-partially scattered, and prop. 3.1 can
be applied. The question arises of what the dimension of the kernel of an
R- qt -partially scattered polynomial can be.
Gathering the results in prop. 2.10 (a) and prop. 3.1 (c), one obtains
that any polynomial of the form
ga(x
γ)−mxqkt , (13)
where ga(x) is a bijective q
t-polynomial, γ a generator of Gal(Fqt/Fq), m ∈
F
∗
qn and 0 ≤ k ≤ t′− 1, is an R- qt -partially scattered polynomial. Studying
the size of the kernel of a polynomial as in (13) is equivalent to analyze the
kernel of
xq
n−kt ◦ (ga(xγ)−mxqkt),
i.e. of a polynomial of the form
gb(x
γ)− ℓx,
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where gb(x) is an appropriate bijective q
t-polynomial and ℓ ∈ F∗qn . Finally,
since
ker(gb(x
γ)− ℓx) = ker(ℓ−1gb(xγ)− x),
by Theorem 1.5-1. in [19], the R- qt -partially scattered polynomials as in
(13) have kernel of dimension at most t′. In [8] an s-almost MRD code is an
RM code with minimum distance d = d∗−s, where d∗ denotes the maximum
allowed by the Singleton-like bound. By the above arguments the following
holds:
Theorem 3.2. Assume that the map ga(x) defined in (4) is bijective. Let
γ be a generator of Gal(Fqt/Fq), and k ∈ N. Then 〈ga(xγ), xqkt〉Fqn is an
s-almost MRD code in Fn×nq with s ≤ n/t− 1.
Up to the knowledge of the authors of this paper, no R- qt -partially
scattered polynomial is known having a kernel with Fq-dimension greater
than t′.
Given a q-polynomial f(x) over Fqn and an element σ ∈ F∗qn , consider
the following Fq-linear map:
ft,σ : x ∈ Fqt 7→ f(σx) ∈ Fqn .
Theorem 3.3. Let f(x) be a q-polynomial over Fqn.
(a) Let k be a non-negative integer. Then f(x) is an R- qt -partially scattered
polynomial if and only if
Cf,σ,k = 〈ft,σ(x), xqkt〉Fqn (14)
is an MRD-code with parameters (n, t, q; t− 1) for any σ ∈ F∗qn.
(b) Assume t = t′ = 2. A q-polynomial f(x) over Fq4 is R- q
t -partially
scattered if and only if
C = 〈f(x), x, xq2〉F
q4
(15)
is an MRD-code with parameters (4, 4, q; 2).
Proof. (a) Suppose that f(x) is R- qt -partially scattered and consider σ ∈
F
∗
qn . By prop. 2.9, the polynomials f(σx) + mx
qkt, m ∈ Fqn , are all
R- qt -partially scattered, hence their restrictions to Fqt have rank at least
t− 1. The code Cf,σ,k has Fq-dimension 2n and
max{t, n}(min{t, n} − (t− 1) + 1) = 2n,
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that is, it is MRD.
Now suppose that for any σ ∈ F∗qn , Cf,σ,k = 〈ft,σ(x), xq
kt〉Fqn is an MRD-
code with parameters as in the statement, and let
f(u)
u
=
f(v)
v
= −m (16)
with v = λu, for some λ ∈ Fqt, and m,u, v ∈ Fqn , u 6= 0 6= v. Since
f(u) +mu = f(λu) +muλ = 0,
we get that 1, λ ∈ ker(ft,u(x)+muxqkt). Therefore, since ft,u(x)+muxqkt ∈
Cf,u,k, its kernel is an Fq-subspace of rank at most one, and λ belongs to Fq.
(b) The dimension over Fq of C is twelve. Taking into account
prop. 3.1 (b), the equation in the Singleton-like bound holds.
Vice versa, let C = 〈f(x), x, xq2〉F
q4
be an MRD-code with parameters
(4, 4, q; 2) and, without loss of generality, suppose that f(x) = a1x
q + a3x
q3 .
Then, since the Delsarte dual C⊥ of C is a semifield spread set, the map
f⊥ : x ∈ Fq4 7→ a3xq − a1xq
3 ∈ Fq4
is an Fq-automorphism of Fq4 . It is a straightforward calculation to show
that the determinant of its Dickson matrix Df⊥ is
− (aq2+13 − aq
2+1
1 )
q+1, (17)
whence aq
2+1
3 6= aq
2+1
1 . This implies that g(x) = a1x + a3x
q2 is an au-
tomorphism of Fq4 . By prop. 2.10, f(x) = g(a1,a3)(x
q) is R-q2-partially
scattered.
Note that by prop. 2.7, if t and t′ are relatively prime, any L- qt -scattered
q-polynomial f(x) gives rise to an MRD-code C′f,σ,k = 〈ft′,σ(x), xq
kt′ 〉Fqn for
any σ ∈ F∗qn and any k ∈ N.
Proposition 3.4 ([15], Theorem 5.4 and Corollary 5.6). Let C be an Fq-
linear RM-code of Fm×nq . The following statements hold:
(a) L(C⊤) = R(C)⊤ and R(C⊤) = L(C)⊤
(b) L(C⊥) = L(C)⊤ and R(C⊥) = R(C)⊤
Next assume that C is an Fq-linear MRD-code of Fm×nq with minimum dis-
tance d > 1. If m ≤ n, then L(C) is a finite field with |L(C)| ≤ qm. If
m ≥ n, then R(C) is a finite field with |R(C)| ≤ qn. In particular, when
m = n then L(C) and R(C) are both finite fields.
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Proposition 3.5. Assume t = t′ = 2 and let f(x) be R- qt -partially scat-
tered. Then
L(C) = R(C) ∼= Fq4 ,
where C is as in (15). Furthermore, C is equivalent to a generalized Gabidulin
code.
Proof. Let f(x) be an R- qt -partially scattered q-polynomial and, without
loss of generality, suppose that f(x) = a1x
q + a3x
q3 . As in Theorem 3.3,
consider the automorphism f⊥(x) = a3x
q − a1xq3 . An element ϕ(x) =∑3
i=0 ϕix
qi belongs to L(C⊥) if and only if composing ϕ(x) to the left with
an f⊥’s Fqn-multiple is still an f
⊥(x)’s Fqn-multiple. Then, for any β ∈ F∗qn
there exists α ∈ Fqn such that ϕ(x) ◦ βf⊥(x) = αf⊥(x). Making more
explicit the latter condition, we get that the coefficients of ϕ(x) have to
solve the following linear systems
{
a3βϕ0 − (a1β)q2ϕ2 = αa3
a1βϕ0 − (a3β)q2ϕ2 = αa1
{
(a3β)
qϕ1 − (a1β)q3ϕ3 = 0
(a1β)
qϕ1 − (a3β)q3ϕ3 = 0.
Since the expression in (17) is not zero, it is a straightforward calculation
to show that ϕ0 = αβ
−1 and ϕi = 0, i = 1, 2, 3, that is ϕ(x) = γx, γ ∈ Fqn .
Since L(C⊥) = L(C)⊤ and ϕˆ(x) = ϕ(x), L(C) ∼= Fqn .
Consider now the code D = 〈−aq1xq+aq
3
3 x
q3〉F
q4
, the adjoint code of C⊥.
Applying the same argument above, we get that L(D) = {γx | γ ∈ Fqn}.
Since the maps in L(D) are self-adjoint and the ⊤ operator is involutory,
Fqn
∼= L(D) = R(C⊥)⊤ = R(C),
then the result follows.
In [6, Theorem 1.1] it is shown that for 2 ≤ n ≤ 6 or n = 9, any Fq-
linear MRD-code in Fn×nq with left and right idealizers isomorphic to Fqn is
equivalent to a generalized Gabidulin code. This implies the second assertion
of the proposition.
Proposition 3.6. Let ga(x) be a bijective q
t-polynomial as in (4), t > 2.
Consider 0 < s < n an integer relatively prime with t, σ ∈ F∗qn , and k ∈ N.
Then
R(Ch,σ,k) ∼= Fqt,
where h(x) = ga(x
qs).
15
Proof. By prop. 2.10 (a) and 3.3 (a), Ch,σ,k = 〈ht,σ(x), xqkt〉Fqn is an MRD-
code with parameters (n, t, q; t− 1) and, by prop. 3.4, the right idealiser
R(Ch,σ,k) = {ϕ ∈ EndFq(Fqt) : f(ϕ(x)) ∈ Ch,σ,k ∀f ∈ Ch,σ,k}
is isomorphic to a field of size at most qt. Since
h(σx) =
(
t′−1∑
i=0
ai
)
(σx)q
s
mod (x− xqt),
it follows that Ch,σ,k = 〈xqs , xqkt〉Fqn . Hence if ϕ(x) =
∑t−1
i=0 ϕix
qi belongs
to R(Ch,σ,k), then there exist a, b ∈ Fqn such that
ϕ(x)q
kt
= ϕ(x) = axq
s
+ bx
modulo xq
t −x, whence ϕi = 0 for all i 6= 0, s. Similarly, ϕ(x) is in R(Ch,σ,k)
if there exists c, d ∈ Fqn such that
ϕ(x)q
s
= cxq
s
+ dx,
whence one gets that ϕs = 0 and ϕ(x) = γx with γ ∈ Fqt. It a straightfor-
ward calculation to see that the Fq-endomorphisms of Fqt ϕ(x) = γx with
γ ∈ Fqt are in R(Ch,σ,k). Therefore, the result follows.
Clearly the examples discussed in props. 2.12 and 2.16 satisfy the hy-
photeses of proposition above.
Remark 3.7. Note that in general, if f(x) is any R- qt -partially scat-
tered polynomial, the MRD-codes Cf,σ,k in Theorem 3.3 (a) could have
a right idealiser not isomorphic to Fqt. Indeed, consider the polynomial
f(x) = δxq + xq
2t−1 ∈ Fq2t [x] with Nqn/q(δ) 6∈ {0, 1}, and t ≥ 5. Since
f(x) is scattered, it is R- qt -partially scattered. As in proposition 3.6, an
Fq-endomorphism ϕ(x) =
∑t−1
i=0 ϕix
qi of Fqt is in R(Cf,1,k), if there exist
a, b ∈ Fqn such that
ϕ(x) = a(δxq + xq
t−1
) + bx,
whence ϕi = 0 for all i 6∈ {0, 1, t− 1}. Similarly, ϕ(x) belongs to R(Ch,1,k) if
there exist c, d ∈ Fqn such that
δϕ(x)q + ϕ(x)q
t−1
= c(δxq + xq
t−1
) + dx.
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Reducing modulo x−xqt the expression above, ϕ1 = ϕt−1 = 0 and ϕ0 ∈ Fq2 .
On the other hand, it is trivial that the maps ϕ(x) = γx with γ ∈ Fq2 , if t
is even, and γ ∈ Fq, if t is odd are in R(Cf,1,k). Then
R(Cf,1,k) ∼=
{
Fq2 if t is even
Fq if t is odd.
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